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11.8. PARABOLIC EQUATIONS

NUMERICAL METHODS IN ENGINEERING AND SCIENCE _

ou u .
The one-dimensional heat conduction equation T c? ml» is a well-known example
X
of parabolic partial differential equations. The solution of this equation is a temperature
function u(x, ¢) which is defined for values of x from 0 to ! and for values of time  from 0 to o,
..me. solution is not defined in a closed domain but advances in an open-ended region from
initial values, satisfying the prescribed boundary conditions (Fig. 11.24).

{x
Sol. Advances
../mozzn_QJ.

Boundary —1 conditions
conditions Open-cnded prescribed
prescribed domain along this
along this R line
line S ~

1 1

= =

t=0
Initial conditions v\
prescribed along this line
Flg. 11.24

In general, the study of pressure waves in a fluid, propagation of heat and unsteady
state problems lead to parabolic type of equations.

11.9. SOLUTION OF ONE DIMENSIONAL HEAT EQUATION

du 22
du _ 207
E” c 22 ..(1)
where ¢2 = kfsp is the diffusivity of the substance (em%sec.)
Gu. mnE& method. Consider a rectangular mesh in the x-¢ plane with spacing h
along x direction and k along time ¢ direction. Denoting a mesh point (x, ¢)

oy =(ih, j .
i, J, we have th, jk) as simply
du _ U=
a k [by (5) § 11.3
and 3°u Uiy ;=20 j+u,,y
Fro 2 4)§113
dx? n2 [by (4) §
Substituting these in (1 ; o _ke®
uting these in (1), we obtain Ui joy—4; ;= h? ?Tf - Mn..c. + :E..L
! U, o= Gty 4 (=20 u,  + ou,
Sl Wiy, 5 (2)
where « = ke%/? is the mesh ratio parameter, Fehd

»
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_m<m_m.\+Hm:&m:&m;mqmmo_.m.nm__mm

Fig. 11.25,

This formula enables us to determine
terms of the known function values at the
relation between the function values at the two time
a 2-level formula. In schematic form (2) is shown in

t
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Hence (2) is called the Schmidt explicit \owi:? which is valid only for 0 < «. <

—————

1
1
e ) -

\ Obs. In particular when o = 1 (9) reduces to

Ui = g Wi+ g, P (3)
i which shows that the value of u at x; al time t;, ; is the mean of the u-values at x;_; and x;,y at time ¢;. This
| relation, known as Bendre-Schmidl recurrence relation, gives the values of u at the internal mesh points
w with the help of boundary conditions.

(2) Crank-Nicolson method. We have seen Lhat the Schmidt scheme is computa-

tionally simple and for convergent results a < |w i.e. & < h%2c?. To obtain more accurate
results, & should be small i.e. £ is necessarily very small. This makes the computations ex-
ceptionally lengthy as more time-levels would be required to cover the region. A method that
does not restrict o and also reduces the volume of ealculations was proposed by Crank and
Nicolson in 1947.

According to this method, 9%u/0x? is replaced by the average of its central-difference
approximations on the jth and (j + 1)th time rows. Thus (1) is reduced to

1 :Tf.lm:i+=..+: :..1_;.+_|N:_.LA+~+=..+:;_

U j+1~ Y

= +
5 =ct. 3 B2 e
or -l it (2 + 200U g = Oty g = Oy 5+ (2 -2y +ou, ; @
where o = kc¥h2.

Clearly the left side of (4) contains three unknown values of u at the (j + th level
while all the three values on the right are known values at the jth level. Thus (4) is a 2-level
implicit relation and is known as Crank-Nicolson formula. It is convergent for all finite val-
ués of o. Its computational model is given in Fig. 11.26.
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Fig. 11.26

If there are n internal mesh points on each row, then the relation (4) gives n simulta-
neous equations for the n unknown values in terms of the known boundary values. These
equations can be solved to obtain the values at these mesh points. m:::w.._.w.. the values at
the internal mesh points on all rows can be found. A method such as this in which the
calculation of an unknown mesh value necessitates the solution of a set of simultaneous
equations, is known as an implicit scheme ’

(3) Iterative methods of solution for an implicit scheme.

From (4), we have

A+ou =L ol o +u,, )+ ;+ = alu,y i=2u; i+, ) ..(5)
Here only u; jor Yy, joy and @, ., are unknown while all others are known since
these were already computed in the jth step.
Writing by=u, i+ W (=20, ;+u,, )
and dropping js (5) becomes u, = =—=%— (u._, +u, )+ b
PPINng j i~ 21+a) i-1 +1 1+

This gives the iteration formula

b ...(6)

o
21+ ) l1+a
which expresses the (n + 1)th iterates in terms of the nth iterates only. This is known as the
Jacobi’s iteration formula.
As the latest value of u,_, i.e. u; ,"*Vis already available, the convergence of the itera-
tion formula (6) can be improved by replacing u, ™ by u, ,***!. Accordingly (6) may be writ-
ten as

(n+1) () (n)
um = fug ™ +u M+

b.
pmi o — % o e L, i
: Bl Mt g +o(7)

which is known as Gauss-Seidal iteration formula.

/\ﬁ,w. Gauss-Seidal iteration scheme is valid for all finite values o»..n m.Em converges ?ﬁ..“m uh fast .ww« {
Jacobi's scheme. W

. (4) Du Fort and Frankel method. If we replace the derivatives in (1) by the nmnnz_w_-
difference approximations, )

[From (7) § 11.3

U Uy gy

ot 2k
G n.wu: Uiy i —2u; u; ;
53 ~ and —_—= Litle Titl, [From(4) § 11.3
. " ox? hZ
. . _ 2ke?
. we obtain U= U= e fu; ;- 2uy i+ug,
3
,u., i.e. F...T» - ENL.L + 20 —E‘_.IHL. - MEEL. + ET_L._ ...(B)

where &t = kc?/h?. This difference equation is called the Richardson scheme which is a 3-level

i If we replaceu; ; by the mean of the values U and Y i ie. u; ;= .w:r_..‘r_ + nm..‘«_v
" in (8), then we get
L
Ui 1= U jq t MQEE:_. —luy gty ) g, |l
° On simplification, it can be written as
, 1-2 20
u ¢y 2, +e,. ) A9

i+l = 1+2q 41 + 1+92q L i+,
This difference scheme is called Du Fort-Frankel method which is a 3-level explicit

method. Its computational model is given in Fig. 11.27.

(i,j +1) (i + 1)th level
jth level
, (17 G+ :
G — 1)th level
I (i,j-1)
> Fig. 11.27

2
G il in0<x<B5,t=20 given that u(x, 0) =20, (0, ) =0,

B Example 11.9. Solve i

(Anna, B. Tech., 2006)

Sol. Here ¢2=1 and A=1.
Taking o (.e. ¢c2k/h) =1, we get k = 1.

Scanned with CamScanner



Then Crank-Nicholson formula becomes

Uy 0 = U g ¥ i a Ut UL

D =0+20+ 01y de. duy-1y=20 (1)
4u2=20+20+ul+u3 ie. u,-4u,.,+u3=—40 (2)
4u3=20+20+u2+u‘ ie. u2—4u3+u‘=—40 (3)
4u‘=20+100+u3+100 ie. uy—du,=-220 ()

Now (1) — 4(2) gives  15u, — 4u, = 180 (5)
-.(6)

4(3) + (4) gives du, — 15u, = — 380
Then 15(5) - 4(6) gives 209 u, = 4220 L.e. uy = 20.2
From (5), we get qu,=15%x20.2- 180 ie uy=30.75
From (1), 4u, =20+20.2 ie. u,=10.05
From (4), 4u, =220 +30.75 ie. ug=6269
Thus the required values are 10.05, 20.2, 30.75 and 62.68.
M Example 11.10. Solve the boundary value problem u, = u_ under the conditions u(0, t)
=u(l,t)=0and u(x, 0) =sinmx, 0<x<1 using Schmidt method (Take h=02anda=1/2).
(V.T.U, B.E,, 2013)

Sol.Since h=02 and a=12
a= % gives k = 0.02
Since a = 1/2, we use Bendre-Schmidt relation

1 . 3
U =5 Uy i) i)

We have u(0,0) = % (0.2, 0) = sin /5 = 0.5875
4(0.4, 0) = sin 2n/5 = 0.9511, u(0.6, 0) = sin 3v/5 = 0.9511
(0.8, 0) = sin 47/5 = 0.5875, u(1,0) =sinz =0
The values of u at the mesh points can be obtained by using the recurrence relation (i)
as shown in table below :

x — 0 0.2 0.4 0.6 0.8 1.0
t i 0 1 2 3 4 5
1 J
0 0 0 0.5878 0.9511 0.9511 0.5878 0
0.02 1 0 0.4756 0.7695 0.7695 0.4756 0
0.04 2 0 0.3848 0.6225 0.6225 0.3848 O!d
0.06 3 0 03113 0.5036 0.5036 0.3113 .0
0.08 4 (i 0.2518 0.4074 0.4074 0.2518 0
o1 5 0 0.2037 03296 0.3296 0.2037 0

373

@ Example 11.11. Find the val = g s 2
values of u(x, t) satisfying the parabolic equation i—lll =4 gsti
c

and the boundary conditions u(0,t) =0 = u(8, ¢) and ol
, ; ulx, 0) = 4x — L 32 ) (i
01,2 Tandt=Lj:j=012 5 PR R
Sol. Here ¢* =4, h = 1and % = US. Then « = c2i/A2 = 1/2
We have Bendre-Schmidt’s recurrence relation u = v, ) (i)
o =7 Wy
Now since u(0,) =0 = w8, ) ! e
uy ;=0and ug ;=0 for all values of j, i.e. the entries in the first and last column
~ are zero.
Since u(x, 0) = 4x - _; x2
u g =41

=0,35,6,7.5,8,75,6,3.5 for i=0,1,2,3,4,56,7att=0
These are the entries of the first row.

Puttingj = 0in (i), we have u, =+ (u,_, o+u,, o)

Taking i =1, 2, ......, 7 successively, we get
"1.1='-1>‘{"o,u*‘"‘z.o):";‘(o"'e):s
wy =5 (g g+uy)=4 (35+75)=55
Uy =3y g+uy =3 (6+8)=7
u, =75 u;5,="Tu,= 5.5,u; =3

These are the entries in the second row.
Puttingj = 1 in (i), the entries of the third row are given by
wy =g gy g ¥t )
Similarly puttingj = 2, 3, 4 successively in (i), the entries of the fourth, fifth and sixth

rows are obtained.
Hence the values of u; ; are as given in the following table :

& 0 1 2 3 4 5
J

0 0 3.5 6 7.5 8 7.5
1 0 3 5.5 7 7.5 1
2 0 275 5 6.5 7 6.5
3 0 2.5 4.625 6 6.5 6
4 0 23125 | 4.25 | 55625 6 5.5625
5 o |. 2125 | 39375 | 5125 | 55625 | 5.125
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i.e.

zcgmw_0>_. wo_rc._._Oz O_u _u>m._._>_. _uzu_nmmmz.:)_. mOc>._._Ozm

Solving these equations, we get Uy g =Uyy =052,

(c) Du Fort-Frankel formula [(8) of § 11.9] becomes u, ;,, = + (u; .} +.u,

L .~+H 3 i, j— -1, j

To start the calculations, we need Uy 4 and Uy 1-

We may take Uy 1= Uy 1 =0.65 from Schmidt method.
Fori=1,2:j=1:

Uy g=3 Wy g+ug +uy )=2 (V3/2+0+0.65) =05

Uy 9= 5 WUy g+ Uy + Uy 1) =3 (VB/2+0.65 + 0) = 0.5.

+ U,

i+1,

)
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